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Where are we?



If L is a regular language, there must be a DFA D that
recognizes L.

A sufficiently long string s € L must visit some state
in D twice. This means s went through a loop in the
DFA D.
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A DFA with a loop (whether that’s a self-loop or a
cycle through several states) will always recognize an

infinite language, with each trip through the loop
permitting a longer string.

I'his is what the Pumping Lemma describes: How
DFAs loop!



The Pumping Lemma

For any regular language L,
there exists a positive integer p such that
for any string s € L such that [s| = p,

there exist strings x, y, and z such that

S = XyZ |s can be broken into three pieces,

|Xy‘ < D |where the first two pieces occur at the start of the string,

y F & the middle part isn’t empty, and

Xin € | |the middle piece can be repeated zero or more times.




o prove a language is nonregular, we show that no
DFA for it is possible:

Any DFA you can imagine recognizing that language
must have a loop that leads it to accept strings that
aren't in the language.



THEOREM B = {a"b" | n € Np} is not regular.

PROOF By contradiction; assume B is regular. Let p be the pumping
length guaranteed by the Pumping Lemma. Consider the string

s = aPbp. Then [s| = 2p = p anc
s = xyz, where |xy| < pandy #

xy'z € B.

s € B, so we can break this string into
g, and for any i € N, the string

Because |xy| < p and |y| > O, the string y has to consist only of as.

S0, no matter what segment of the string xy covers, pumping to the
string xy2z adds to the number of as, hence there are more as than

bs.

There is no way to segment s into xyz that can't be pumped to
produce a string that isn't in the language.

Contradiction! Therefore, B is

not regular. m



Pumping Lemma practice:
Balanced strings



Example

Consider the alphabet 2 = {0,1} and the language

BALANCE = {w | w has an equal number
of 1s and 0Os}



Example

Consider the alphabet 2 = {0,1} and the language
BALANCE = {W | I’)@(W) — I’M(W)}



Example

Consider the alphabet 2 = {0,1} and the language
BALANCE = {W | I’)@(W) — I’M(W)}

E.g.,
01 € BALANCE

110010 € BALANCE
11011 ¢ BALANCE

ls BALANCE a regular language?



An incorrect proof

THEOREM BALANCE is regular.

PROOF We show that BALANCE satisfies the
condition of the Pumping Lemma. Let p = 2 and
consider any string s € BALANCE such that
s| = 2. Then we can write s = xyz such that
Xx=z=¢candy =s,soy#e&. Then for any natural
number i, xyiz = s, which has the same number of
Os and 1s. Since BALANCE passes the conditions
of the Pumping Lemma, BALANCE is regular.



An incorrect proof

THEOREM BALANCE is regular. What? No!

PROOF We show that BALANCE satisfies the
condition of the Pumping Lemma. Let p = 2 and
consider any string s € BALANCE such that
s| = 2. Then we can write s = xyz such that
Xx=z=¢candy =s,soy#e&. Then for any natural
number i, xyiz = s, which has the same number of
Os and 1s. Since BALANCE passes the conditions
of the Pumping Lemma, BALANCE is regular.



The Pumping Lemma doesn’t

claim anything about languages
For every regular language L, that aren’t regular!

there exists a positive integer p such that
for every string s € L with |[s| = p,

there exist strings x, y, and z such that
S = XyzZ
Xyl < p
y F €

xyiz e Lforallizo



The Pumping Lemma describes a necessary condition
of regular languages.

If L is regular, L satisfies the conditions of the Pumping Lemma.

But the Pumping Lemma isn't a sufficient condition
to be a regular language.

If L is not regular, it still might pass the conditions of the Pumping
Lemmal



An incorrect proof

THEOREM BALANCE is regular.

PROOF We show that BALANCE satisfies the
condition of the Pumping Lemma. Let p = 2 and
consider any string s € BALANCE such that
s| = 2. Then we can write s = xyz such that
x=z=candy=w,soy# ¢ Then for any natural
number i, xyiz = s, which has the same number of
@s and 1s. Since BALANCE passes the conditions
of the Pumping Lemma, BALANCE is regular.



An incorrect proof

THEOREM BALANCE is regular.

PROOF We show that BALANCE satisfies the
condition of the Pumping Lemma.and
consider any string s € BALANCE such that
s| = 2. Then we can write s = xyz such that
x=z=candy=w,soy# ¢ Then for any natural
number i, xyiz = s, which has the same number of
@s and 1s. Since BALANCE passes the conditions
of the Pumping Lemma, BALANCE is regular.

You don’t get to
choose p!




An incorrect proof

THEOREM BALANCE is regular.

PROOF We show that BALANCE satisfies the You don’t get to
condition of the Pumping Lemma. and  |choose p!

s € BALANCE such that But you do need to

s| = 2. Then we can write s = xyz such that choose a specific
x=z=¢candy=w,soy#e¢. Then for any natural |[string...

number i, xyiz = s, which has the same number of
@s and 1s. Since BALANCE passes the conditions
of the Pumping Lemma, BALANCE is regular.



An incorrect proof

THEOREM BALANCE is regular.

PROOF We show that BALANCE satisfies the
condition of the Pumping Lemma. and

consider any string's € BALANCE such that

s| = 2. Then we can write s = xyz such that

x=z=candy =w, soy # ¢. Then[for any natural
xy"z = s/, which has the same number of

@s and 1s. Since BALANCE passes the conditions
of the Pumping Lemma, BALANCE is regular.

You don’t get to
choose p!

But you do need to
choose a specific

string...

And a specific value

for I.




Ok — so how do we go about using the Pumping
Lemma to write a proof that BALANCE really is
nonregular?



CLAIM The language BALANCE = {w | no(w) = n1(w)}
is not regular.

Let's choose the string (01)p, using the pumping
length p.

Ve need to show that it's impossible to split this

string into xyz where xyiz is in BALANCE for every |
e No...
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length p.

Ve need to show that it's impossible to split this

But it is possible! &
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CLAIM The language BALANCE = {w | no(w) = n1(w)}
is not regular.

Let's choose the string (01)p, using the pumping
length p.

Ve need to show that it's impossible to split this

string into xyz where xyiz is in BALANCE for every |
e No...

But it is possible! &

f x =€, y=01,and z = (01)P, then
xyiz is in BALANCE for every value of j;
the strings we produce by pumping
are still balancea.




CLAIM The language BALANCE = {w | no(w) = n1(w)}
is not regular.

Let's choose the string (01)p, using the pumping
length p.

Ve need to show that it's impossible to split this

string into xyz where xyiz is in BALANCE for every |
e No...

But it is possible! &

f x =€, y=01,and z = (01)P, then
xyiz is in BALANCE for every value of j;
the strings we produce by pumping
are still balancea.

Are we out of luck? &




When using the Pumping Lemma:

If your string does not succeed, try another!



CLAIM The language BALANCE = {w | no(w) = n1(w)}
is not regular.

This time, let’s try the string 1P0P.

Right?

The Pumping Lemma says that our string has to be
divided so that |xy| < p and |y| > o
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CLAIM The language BALANCE = {w | no(w) = n1(w)}
is not regular.

This time, let’s try the string 1P0P.

Again, we need to show that it's impossible to split
this string into xyz where xy'z is in BALANCE for

every i € No...

But it’s still possible! &

If x and z are € and y is 170",
then xy'z always has an equal number of 0s and 1s

The Pumping Lemma says that our string has to be
divided so that |xy| < p and |y| > o

Right?




CLAIM The language BALANCE = {w | no(w) = n1(w)}
is not regular.

This time, let’s try the string 1P0P.

Again, we need to show that it's impossible to split

this string into xyz where xyz is in BALANCE for But it’s still possible! &

every i € No...

If x and z are € and y is 170",
then xy'z always has an equal number of 0s and 1s

X

Right?

The Pumping Lemma says that our string has to be
divided so that |xy| < p and |y| > o




CLAIM The language BALANCE = {w | no(w) = n1(w)}
is not regular.

This time, let’s try the string 1P0P.

Again, we need to show that it's impossible to split
this string into xyz where xy'z is in BALANCE for
every i € No...

Since |xy| < p, then y must consist only of 1s, so

. . . N
Contradiction! We win! &

xyyz ¢ BALANCE.

For the full proof, see Example 1.74 in Sipser.




Remember

You only need to find one string for which the
Pumping Lemma does not hold to prove a language
is not regular.

But you must show that for any decomposition of
that string into xyz the Pumping Lemma holds

This sometimes means considering several different cases.



Closure properties revisited



Recall: Closure properties

Certain operations on regular languages are
guaranteed to produce regular languages.

These closure properties can be used to prove a
language is regular.



VWe've seen the regular languages are closed under
the regular operations, i.e., those used to construct
regular expressions:

Union: L,ul,
Concatenation: L. L,

Kleene star: L.*



VWe've seen the regular languages are closed under
the regular operations, i.e., those used to construct
regular expressions:

Union: L,ul,
Concatenation: L. L,

Kleene star: L.*

And that they're also closed under these set
operations:

Complement: L,

Intersection: L, n L,

Difference: L, — L,



These closure properties can also be used to prove
a language isn’t regular!



To show that a language L is nhonregular using
closure properties, we do a proof by contradiction:

Assume L is regular.

Combine L with known regular languages using
operations the regular languages are closed under.

If you produce a known nonregular language, then
the assumption was wrong and L is nonregular.



Intersection



CLAIM L ={w e {a, b}" | na(w) = nus(w)} is nonregular.

PROOF SKETCH Assume L is regular. VWe know a*b*
is a regular language because we can write it as a
regular expression. Because the regular languages
are closed under intersection,

L n a*b* = {arbn | n € Np}

must be regular. However, {a"b" | n € Np} is easily
proved nonregular using the Pumping Lemma — as
we did last class!

Therefore, L must be nonregular.



Caveat: Direction matters!



Closure for union (U) says:
If L1 and L; are regular, then L = L4 u Ly is regular.

What happens if we know L is a regular language!?
Does that mean that L, and L, are regular also?



Closure for union (U) says:
If L1 and L; are regular, then L = L4 u Ly is regular.

What happens if we know L is a regular language!?
Does that mean that L, and L, are regular also?
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Maybe — but it’s not guaranteed!




Example

VWe know a+ is regular.

Consider two cases for L, and L.:

at = {a" | n>oand nis prime} U

{a" | n > o0 and n is not prime}
at= L, UL,
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Example

VWe know a+ is regular.

Consider two cases for L, and L.:

at = {a" | n>oandnis prime} U , ,
Neither L1 nor L, is regular!

{a" | n > o0 and n is not prime}

atr= L, ul,

at= {a" | n>oandnis even} U

{an | n > o0 and n is odd}



Example

VWe know a+ is regular.

Consider two cases for L, and L.:

at = {a" | n>oand nis prime} U

Neither L1 nor L, is regular!

{a" | n > o0 and n is not prime}
at= L, UL,

at= {a" | n>oandnis even} U
Both L1 and L, are regular!

{an | n > o0 and n is odd}




Where are we now!



We've ended up where we are by trying to answer
the question “what problems can you solve with a
computer?”

We defined a computer to be a DFA, which means
that the problems we can solve are precisely the
regular languages.

We've discovered several equivalent ways to think
about regular languages (DFAs, NFAs, and regular
expressions).



We now have a powerful intuition for these
languages:

DFAs are finite-memory computers, and regular
languages correspond to the problems solvable
with finite memory.



Using the Pumping Lemma, we've shown that there
are languages that are not regular!

Does that mean these languages aren't computable?



Next

What does computation look like with unbounded
memory?

VWhat problems can you solve with unbounded-
memory computers!?
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