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What problems can we solve with a computer?



Finite automata represent computers with bounded 
memory. They recognize the regular languages. 

Pushdown automata represent computers with a 
limited form of unbounded memory. They recognize 
the context-free languages.



All languages
Regular 

languages DCFLs CFLs



All languages

Languages 
recognized by 
any feasible 
computing 
machine

Regular 
languages DCFLs CFLs



To talk about what languages could be recognized by 
“any feasible computing machine”, we need our final, 
most powerful model of computation.



A brief history lesson



Entscheidungsproblem = Decision problem









At the same time, Alonzo Church published  
similar ideas and results – the λ calculus. 

However, the Turing model has become the 
standard in theoretical computer science



Turing’s idea
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Key idea:  

You might need huge amounts of scratch space to 
perform a calculation… 

But at each point in the calculation you only need 
access to a small amount of that scratch space!



To provide his machines extra memory, Turing gave 
them access to an infinite tape, subdivided into tape 
cells. 

A Turing machine can only see one tape cell at a 
time, the one pointed at by the tape head.



Punched paper computer tape (1955–65)

https://www.scienceandindustrymuseum.org.uk/objects-and-stories/alan-turing-in-manchester


At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

d i k d i k



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

d i k d i k

A dikdik



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q i k d i k



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q u k d i k



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q u o d i k



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q u o k i k



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q u o k k k



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q u o k k a



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q u o k k a

A quokka



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q u o k c a



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q u o a c a



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q u p a c a



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

q l p a c a



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.

a l p a c a



At every step, the Turing machine can 

read the cell under the tape head, 

change which symbol was written under the tape head, and 

move its tape head to the left or to the right.
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An alpaca
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A simple Turing machine



start
q0 q1

a → □, R

a → □, R

qrej

□ → □, R

qacc

□ → □, R
This is the Turing machine’s 
finite-state control. It issues 
commands that drive the 
operation of the machine.



start
q0 q1

qrej

□ → □, R

qacc

□ → □, R

This is the TM’s infinite tape. Each 
tape cell holds a tape symbol. 

Initially all tape symbols are blank.

a → □, R

a → □, R



start
q0 q1

qrej

□ → □, R

qacc

□ → □, R

The machine is started with the input string written 
somewhere on the tape. The tape head initially 
points to the first symbol of the input string.

a → □, R

a → □, R

a a a a



start
q0 q1

qrej

□ → □, R

qacc

□ → □, R
Like other automata, 

TMs begin execution in 
their start state

a → □, R

a → □, R

a a a a



a a a a

start
q0 q1

qrej

□ → □, R

qacc

□ → □, R

At each step, the TM only looks 
at the symbol immediately 

under the tape head.

a → □, R

a → □, R



start
q0 q1

a → □, R
□ → □, R

□ → □, R

These two transitions originate 
at the current state. We’re going 
to choose one of them to follow.

qacc

qrej

a → □, R

a a a a
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Each transition has the form 
⟨read⟩ → ⟨write⟩, ⟨direction⟩ 

and means “if symbol ⟨read⟩ is under the 
tape head, replace it with ⟨write⟩ and move 
the tape head in ⟨direction⟩ (left or right)”.  

The □ symbol denotes a blank cell.
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start
q0 q1

a → □, R

a → □, R
□ → □, R

□ → □, R

qrej

qacc

Unlike a DFA or NFA, a TM 
doesn’t stop after reading all 

the input characters. We keep 
running until the machine 

explicitly says to stop.
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start
q0 q1

a → □, R

a → □, R
□ → □, R

□ → □, R

qrej

qaccThis special state is an accept 
state. When a TM enters an 
accept state, it immediately 
stops running and accepts 
whatever the original input 

string was – in this case, aaaa.
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a a a a a

start
q0 q1

a → □, R

a → □, R
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□ → □, R

qrej

qacc

Would the TM 
accept this string?
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This special state is a reject state. 
When a TM enters a reject state, 
it immediately stop running and 

rejects whatever the original input 
string was – in this case, aaaaa.

a → □, R

a → □, R
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If the TM is started on the 
empty string ε, the entire 
tape is blank and the tape 
head is positioned at some 
arbitrary location on the 

tape. 
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Defining a Turing machine



A Turing machine is (Q, Σ, Γ, δ, q0, qacc, qrej), where 
Q is a finite set of states, 

Σ is a finite input alphabet, 

Γ is a finite tape alphabet, with Σ ⊂ Γ, 

δ : Q × Γ → Q × Γ × {L, R} is the transition function, 

q0 ∈ Q is the start state, 

qacc ∈ Q is the accept state, and 

qrej ∈ Q, qrej ≠ qacc is the reject state.
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qacc ∈ Q is the accept state, and 

qrej ∈ Q, qrej ≠ qacc is the reject state.The tape alphabet Γ can contain any number of 
symbols but always includes at least one blank 

symbol, □ ∉ Σ.



A Turing machine is (Q, Σ, Γ, δ, q0, qacc, qrej), where 
Q is a finite set of states, 

Σ is a finite input alphabet, 

Γ is a finite tape alphabet, with Σ ⊂ Γ, 
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q0 ∈ Q is the start state, 

qacc ∈ Q is the accept state, and 

qrej ∈ Q, qrej ≠ qacc is the reject state.
At each step, the Turing machine 

Writes a symbol to the tape cell under the tape head, 
Changes state, and 

Moves the tape head left or right.



A Turing machine is (Q, Σ, Γ, δ, q0, qacc, qrej), where 
Q is a finite set of states, 

Σ is a finite input alphabet, 

Γ is a finite tape alphabet, with Σ ⊂ Γ, 

δ : Q × Γ → Q × Γ × {L, R} is the transition function, 

q0 ∈ Q is the start state, 

qacc ∈ Q is the accept state, and 

qrej ∈ Q, qrej ≠ qacc is the reject state.



Unlike the automata we’ve seen before, Turing 
machines can revisit characters from the input, and 
the machine doesn’t need to read the entire input. 

Turing machines decide when – and if! – they will 
accept or reject their input.



Turing machines are deterministic.  
For every combination of a (non-accepting, non-rejecting) state q and 
a tape symbol α ∈ Γ, there must be exactly one transition defined for 
that combination of q and α. 



Any transitions that are missing implicitly go straight 
to a rejecting state. We’ll use this later to simplify 
our designs.

start
q0 q1

a → □, R

a → □, R

qrej

□ → □, R

qacc

□ → □, R

start
q0 q1

a → □, R

a → □, R

qacc

□ → □, R

simplify



Warning: The textbook treats the tape of a Turing 
machine as only being infinite to the right. 

This is no less powerful than a tape that’s infinite in both directions, 
but it’s more annoying to use.



The language of a Turing machine



start
q1q0

a → a, L

a → b, R 
b → a, R

qrej

b → b, L

qacc

□ → □, L

Run the TM shown above on the input string bba.  
What will the tape look like when the TM finishes running?

□ → □, L
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a → a, L

a → b, R 
b → a, R

qrej

b → b, L

qacc

□ → □, L □ → □, L
q0

b b a
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b → b, L
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a b a
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What is L(M), where M is the above TM?
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q1q0

a → a, L

a → b, R 
b → a, R

qrej

b → b, L

qacc

□ → □, L □ → □, L

If M is a Turing machine with input alphabet Σ, then 
the language of M, denoted L(M), is the set 

L(M) = {w  Σ* | M accepts w}
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Although the tape ends with bba written on it, the original input 
string was aab. This shows that the TM accepts aab, not bba. 

So L(M) = {w ∈ {a, b}* | w ends in b}

start
q1q0

a → a, L

a → b, R 
b → a, R

qrej

b → b, L
□ → □, L □ → □, L

qacc

b b a



Designing Turing machines



Let Σ = {0, 1} and consider the language L = {0n1n | n ∈ ℕ0}. 

We know that L is context-free. 

How could we build a Turing machine for it?



L = {0n1n | n ∈ ℕ0}

0 1 0

1 1 0 0

0 0 0 1 1 1



A recursive approach

The string ε is in L. 

The string 0w1 is in L iff w is in L. 

Any string starting with 1 is not in L. 

Any string ending with 0 is not in L.
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□ → □, L□ → □, R

1 0



□ → □, R 
0 → 0, R

qrej

1 → □, R

start check  
for 0

qacc

0 → 0, R 
1 → 1, R

0 → 0, L 
1 → 1, L

go to 
end

clear a 1go to 
start

□ → □, R

0 → □, R

1 → □, L

□ → □, L□ → □, R



start check  
for 0

qacc

0 → 0, R 
1 → 1, R

0 → 0, L 
1 → 1, L

go to 
end

clear a 1go to 
start

□ → □, R

0 → □, R

1 → □, L

□ → □, L□ → □, R



Another Turing machine design

We designed a Turing machine for {0n1n | n ∈ ℕ0}. 

Let’s consider how we could design a Turing 
machine for a related context-free language over  
Σ = {0, 1}: 

L = {w ∈ Σ* | n0(w) = n1(w)}



A caveat

0 0 0 1 1 1 1 0



A caveat

0 0 1 1 1 1 0



A caveat

0 0 1 1 1 1 0



A caveat

0 0 1 1 1 1 0



A caveat

0 0 1 1 1 0



A caveat

0 0 1 1 1 0



A caveat

0 0 1 1 1 0



A caveat

0 0 1 1 1 0



A caveat

0 1 1 1 0



A caveat

How do we know that this 
blank isn’t one of the 

infinitely many blanks after 
our input string?

0 1 1 1 0



One solution

0 0 0 1 1 1 1 0



One solution

x 0 0 1 1 1 1 0



One solution

x 0 0 1 1 1 1 0



One solution

x 0 0 1 1 1 1 0



One solution

x 0 0 x 1 1 1 0



One solution

x 0 0 x 1 1 1 0



One solution

x 0 0 x 1 1 1 0



One solution

x 0 0 x 1 1 1 0



One solution

x 0 0 x 1 1 1 0



One solution

x 0 0 x 1 1 1 0



One solution

x x 0 x 1 1 1 0



One solution

x x 0 x 1 1 1 0



One solution

x x 0 x 1 1 1 0



One solution

x x 0 x x 1 1 0



One solution

x x 0 x x 1 1 0



One solution

x x 0 x x 1 1 0



One solution

x x 0 x x 1 1 0



One solution

x x 0 x x 1 1 0



One solution

x x 0 x x 1 1 0



One solution

x x 0 x x 1 1 0



One solution

x x 0 x x 1 1 0



One solution

x x x x x 1 1 0



One solution

x x x x x 1 1 0



One solution

x x x x x 1 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

x x x x x x 1 0



One solution

Now the first non-x 
character we encounter is a 
1, so we want to cross it off 
but remember that we’re 
looking for a matching 0

x x x x x x 1 0



start

0 0 1 1 1 1 0 0



start

0 0 1 1 1 1 0 0



find 0/1
start

0 0 1 1 1 1 0 0



find 0/1
start

0 → x, R

0 0 1 1 1 1 0 0



find 0/1
start

0 → x, R

x 0 1 1 1 1 0 0



find 0/1
start

find 10 → x, R

x 0 1 1 1 1 0 0



0 → 0, R

find 0/1
start

find 10 → x, R find 1

x 0 1 1 1 1 0 0



0 → 0, R

find 0/1
start

find 10 → x, R find 1

x 0 1 1 1 1 0 0



0 → 0, R

find 0/1
start

find 10 → x, R find 1 1→ x, L

x 0 1 1 1 1 0 0



0 → 0, R

find 0/1
start

find 10 → x, R 1→ x, L

x 0 x 1 1 1 0 0



go home

0 → 0, R

find 0/1
start

find 10 → x, R 1→ x, L

x 0 x 1 1 1 0 0



0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R

find 0/1
start

find 10 → x, R

go home

x 0 x 1 1 1 0 0



0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R

find 0/1
start

find 10 → x, R

go home

x 0 x 1 1 1 0 0



0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R

find 0/1
start

find 10 → x, R

go home

x 0 x 1 1 1 0 0



□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R

find 0/1
start

find 10 → x, R

go home

x 0 x 1 1 1 0 0



□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R

find 0/1
start

find 10 → x, R

find 0/1

x 0 x 1 1 1 0 0



□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R

find 0/1
start

find 10 → x, R

find 0/1

x → x, R

x 0 x 1 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R

find 0/1
start

find 10 → x, R

find 0/1

x 0 x 1 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R

find 0/1
start

find 10 → x, R find 1

x x x 1 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R find 1

x x x 1 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R find 1

x x x 1 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x 1 1 0 0



x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x 1 1 0 0



1 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x 1 1 0 0



1 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x 1 0 0



1 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0

x x x x x 1 0 0



1 → 1, R 
x → x, R

1 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0

x x x x x 1 0 0



1 → 1, R 
x → x, R

1 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0

x x x x x 1 0 0



0 → x, L

1 → 1, R 
x → x, R

1 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0

x x x x x 1 0 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0/1

x x x x x 1 x 0



0 → x, L

1 → 1, R 
x → x, R

1 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0

x x x x x x x 0



0 → x, L

1 → 1, R 
x → x, R

1 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

find 0

x x x x x x x 0



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

go home

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



qacc

□ → □, R

0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



qacc

□ → □, R

0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



qacc

□ → □, R

0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R

x x x x x x x x



qacc

□ → □, R

0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R



Remember that all missing 
transitions implicitly reject.

qacc

□ → □, R

0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R



These parts of the Turing machine are two “cases” it handles, 
though the tapes they operate on are indistinguishable.

qacc

□ → □, R

0 → x, L

1 → 1, R 
x → x, R

find 01 → x, R

x → x, R

□ → □, R 0 → 0, L 
1 → 1, L 
x → x, L

go home

1→ x, L

0 → 0, R 
x → x, R

find 0/1
start

find 10 → x, R



Constant storage

Sometimes a Turing machine needs to remember 
some additional information that can’t (at least 
conveniently) be put on the tape. 

In this case, you can use the same techniques you 
used in designing DFAs and introduce extra states 
into the Turing machine’s finite-state control. 

The finite-state control can only remember one of 
finitely many things, but that might be all you need!



One more TM for practice



Design a Turing machine for the language {wwR | w ∈ {a, b}*}
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